Abstract-This paper investigates the impact of usual practical constraints for the relay channel in the energy efficient regime. Specifically, we take into account constraints on the transmission/reception duplexing and on the synchronization between the source and the relay. New and already known bounds for the maximum Rate-per-Energy that depend on the constraints considered, are presented in a unified manner. Lower bounds are with decode-and-forward and upper-bounds with the cut-set bound. It is shown that while synchronism provides gains on the maximum RPE, duplexing does not. To see the gain by duplexing the slope of the spectral efficiency with respect the energy-per-bit is also derived.
I. INTRODUCTION
The most general relay channel considers a relay node working in full-duplex (FD) mode. This relay is able to receive and transmit simultaneously on the same frequency channel. If this is not possible, the relay work in half-duplex (HD) mode. Then, the source transmits alone for the fraction of time while relay receives and simultaneously for the rest. Finally, the relay works in the orthogonal (OT) mode when no-simultaneous transmissions can occur. Concerning the synchronization and the channel state information (CSI), the relay and the source can perfectly synchronize their transmissions when complete (magnitude and phase) CSI is available. However, if only the magnitude is available, the relay node can not transmit coherently to the destination.
To study the impact of these practical constraints in the energy efficient regime, typically wideband regime, the 6 combinations of FD/HD/OT and synchronous/asynchronous modes are considered. The tools developed in [1] are used to compute the maximum rate-per-energy (RPE) denoted by η, as well as, the slope of the spectral efficiency (S). The maximum RPE or the reciprocal minimum energy-per-bit (
) for the Additive White Gaussian Noise (AWGN) relay channel was first studied in [2] . There, using the bounds on the capacity developed in [3] , the bounds on the maximum RPE were derived for the FD, synchronous and the orthogonal relay channels. The lower bounds were obtained with Decodeand-Forward (DF) and the upper bounds with the cut set bound (CB). The bounds were then extended in [4] to include side-information (compress-and-forward) and linear relaying strategies. Extensions for the orthogonal AWGN multi-hop channel can be found in [5] , [6] .
For single-user systems, it was demonstrated in [1] , that when bandwidth is not a free resource, computing the maximum RPE is not sufficient and the slope of the spectral efficiency with the EbNo must be also taken into account. Using that result it was shown in [7] that in the wideband regime time-division multiple access (TDMA) is strictly suboptimal for both the multiple-access Gaussian channel and the broadcast Gaussian channel. This is so, despite of the fact that it does achieve a RPE equal to that of superposition coding. For the the degraded gaussian relay channel, it was pointed out in [8] , that time-division does not even achieve the same RPE as that for full-duplex synchronous relay channel. There authors argue that any relaying scheme not able to obtain the coherent combining gain would be able to attain the optimal RPE. However, from that analysis the role of not duplexing and asynchronism in the sub-optimality of the orthogonal strategy can not be separated.
In this work we provide more insight on those results by studying the asynchronous and HD scenarios. It is shown that for the asynchronous channel, orthogonal transmissions are sufficient and for the synchronous channel, half-duplex transmission are sufficient to obtain the optimal RPE. To see the sub-optimality of the orthogonal and half-duplex modes, the slope of the spectral efficiency with the EbNo is also derived. To the best of authors knowledge, for the relay channel the study of the bandwidth slope was first considered in [9] . There, the ergodic (averaging over fading channels) orthogonal relaying scenario was considered and there different relay strategies, including amplify and forward, decode and forward and DF were compared. Non-ergodic results for linear multihop networks, where reported in [6] .
The remainder of the paper is organized as follows. In Section II the channel model is introduced. In Section III the energy efficiency analysis is formulated for fairly general AWGN multi-hop channels with duplexing and synchronism constraints. Sections IV and V are devoted to obtain the maximum RPE and the slope, respectively. Finally, in Section VI numerical results are shown and conclusions are drawn. 
II. CHANNEL MODEL
We consider the AWGN relay channel models depicted in Fig. 1 a) FD, b) HD, c) OT. The received signals at the relay and at the destination are given by
where X j 1 and X j 2 are the signals transmitted by the source and the relay subject to the power constraint P j 1 , P j 2 , respectively. The noise process at the relay Z j 2 and at destination Z j are assumed to be independent white Gaussian, each with unit variance (after normalization), and α 12 , β 1 , β 2 are, respectively, the channel gain from the source to the relay, from the source to destination and from the relay to destination. The orthogonal channel division is indicated with upper indices, j ∈ {1, 2}. In FD mode there is only one channel and the upper-indices are dropped. In HD and OT modes the channel is split into two phases, the source transmits to the relay and destination in the first phase j = 1, using a fraction τ 1 of the channel and in the second phase j = 2, during a fraction τ 2 with τ 1 + τ 2 = 1, the source and relay transmit simultaneously to destination for HD mode and only the relay in the OT mode. The energy allocated to user l during the interval j is E j l . If simultaneous and synchronous transmission are possible
denotes the correlation between the source and the relay transmitted signals during channel use j.
Notation: Bold face letters will be used for vectors; the energy vector (for single relay case with up to 2 transmission intervals) is
and specifying the jth transmission interval is
Unless otherwise stated derivatives are with respect the total energy E. Any function f (x, y) if evaluated at x = x 1 , f(x = x 1 , y) is then denoted as f x1 (y).
III. POWER-BANDWIDTH TRADE-OFF
The power-bandwidth tradeoff was introduced by Verdú in [1] to analyze the spectral efficiency in the energy efficient regime. This regime (where the minimum energy-per-bit E bmin is obtained) was there found to be, usually, the low power regime, E → 0 namely, infinite-bandwidth and powerlimited. For systems with a finite bandwidth the slope S of the spectral efficiency C with
, was there found to add even more insight. The spectral efficiency (bits/s) as a function of the E b N0 (dB) can be written as
and the slope S in nats/s/Hz per (3dB), were there found to be
withĊ andC, the first and second derivative, respectively, of C computed in nats/s. For the relay channel the low energy is not, necessarily, the energy efficient regime. The energy efficient regime was shown to depend on the relaying strategy adopted in [9] . However, authors in [4] , assuming a total energy constraint E, shown that any capacity expression C(E), positive, concave and strictly increasing in E, achieves
for SN R → 0 and thus (3) and (5) apply. Using that result, we derive the reciprocal maximum RPE, η and the slope S for a wide rage of AWGN multi-hop channels, with synchronism and duplexing constraints. In next sections, the results are particularized for the single-relay channel.
In the most general case we assume that T transmission intervals (T = 2 for HD relay channel) are needed to satisfy the duplexity constraint. If DF or the CB are considered the resultant spectral efficiency C(ρ, τ, E) is given the minimum of a set of spectral efficiency constraints
where each C i depends on the resources ρ, τ, E as
and g i j ρ j , E j are concave in the energy vector E j . In such a case, the next theorem shows how the maximum RPE (η) and the slope of the spectral efficiency (S) can be computed.
Theorem 1: Let us consider the spectral efficiency expression (6) . The, maximum RPE can be computed by solving
the first derivative (at E = 0) of each spectral efficiency constraint considering ρ and τ are constant. After solving (8) the optimal resource allocation ρ * ,ė * is known. Consider, now, only the spectral efficiency constraints i * that satisfẏ C i ρ,τ (ρ * ,ė * ) = η. Then, the slope of the spectral efficiency versus
N0 in bits/s/Hz per (3dB) can be computed by solving
where S i is the slope of the spectral efficiency constraints computed as
is the second derivative (at E = 0) of the spectral efficiency constraint (i * ), considering that ρ * and τ are constants. Proof: Due to space limitation only a sketch of the proof is given. The spectral efficiency C(E) can be obtained by solving each of the resources in (6) separately assuming the other ones are fixed. Let us first fix ρ and τ , the spectral efficiency is then given by
It can be shown that C ρ,τ (E) always achieves (η ρ,τ ) at E → 0. Then, we can use (3) and (5) to compute η ρ,τ , S ρ,τ as a function of the first and second derivatives of C ρ,τ (E) at
Cė ,ρ,τ (0) = min
Then, the maximum RPE (η) can be obtained as
If some of the resources (τ ) are still free we maximize the slope
The analysis of the CB and the DF can be done together just consideringα 12 = α 12 for DF andα 12 = α 12 +β 1 for the CB. With FD transmissions, let us denote E − 1 = (1−ρ)E 1 and E + 1 = ρE 1 . We known from [3] that the spectral efficiency is given by (6) with
For HD transmission, let us denote E . We know from [10] that the spectral efficiency is given by (6) with
IV. THE MAXIMUM RPE
In this section we compute the maximum RPE for the relay channel with different duplexity (FD/HD/OT) and synchronism constraints. The next theorem summarize the results obtained.
Theorem 2: For the relay channel, the maximum RPE with a FD, HD or OT relay can be bounded below using DF and above with the CB obtaining
withβ 2 = β 2 + β 1 for syncrhonous andβ 2 = β 2 for asynchronous transmissions. Proof: The rest of the section is devoted to prove this result.
A. Full Duplex
For FD transmissions the maximum RPE was explored for the synchronous relay channel in [2] , using the rate functions in (16). We summarize that result and include also the asynchronous channel scenario. For FD transmissions, the energy allocation and the correlation that maximizes the spectral efficiency for a given energy E can be found in close form. For synchronous transmissions it can be shown that
and for asynchronous transmission ρ = 0, E + 1 = 0 and
Substituting these solutions into (16) it can be easily show that the spectral efficiencies are monotonically increasing and concave in E, with g 1 (E) = g 2 (E). Thus the maximum RPE is obtained at E → 0 with
Taking derivatives with respect E, we havė
Since E 1 , E 2 are linear in E, thenĖ + 1 ,Ė 2 are constants, substituting into (21) and particularizing at E → 0 we obtain for asynchronous and synchronous transmissions
Hereafter, let us denoteġ
B. Half-Duplex
For HD transmissions obtaining the optimal resource allocation (τ, ρ.E) that maximizes the spectral efficiency does not seem feasible. However, as we have seen in (8), we just need to solve (8) with respectė, and ρ. The first derivative of each spectral efficiency constraint evaluated at E → 0,Ċ i τ,ρ (ė), can be shown to depend on the first derivatives of the energy allocationė aṡ
If asynchronous transmissions are considered then particularizing to ρ = 0,ė
Since all the functions are linear, the maximum in (8) can be shown to be achieved atĊ 
If synchronous transmissions are possible, to shorten the proof, we just present the solution to (8) . The optimality of the solution is direct since it achieves the same RPE as that obtained for FD transmissions.
It is also easy to check that (23) satisfies the total energy constraint and that fully correlated signals ρ = 1 are transmitted.
V. SLOPE OF THE SPECTRAL EFFICIENCY
From the analysis of the maximum RPE conducted in previous section only the synchronism gain can be devised since FD, HD and OT transmissions obtain the same performance. To evaluate the duplexing gain we turn our attention to the slope of the spectral efficiency. This parameter permits to compare strategies with the same maximum RPE and determines the bandwidth-efficiency. The next theorem unifies the results obtained.
Theorem 3: For a FD relay the slope of the spectral efficiency does not depend on the channel gains nor on the synchronism constraint and is given by S = 2.
Contrary, for HD and OT nodes we have
(24) withβ 2 = β 2 + β 1 for synchronous andβ 2 = β 2 for asynchronous transmissions.
Proof: After obtaining the maximum RPE, in previous section, the optimalġ i j are determined.Then, the slope of the spectral efficiency can be obtained by solving (9) with respect the second derivative of the optimal energy allocationë and the fraction of the channels τ i at E → 0. The rest of the section is devoted to solve these problems
A. Full-Duplex
For FD transmissions the energy allocation solutions found in (19) for synchronous transmissions and in (20) for asynchronous transmissions are valid for all E, then we can directly computeg i . Since each component in E is linear in E, then E j l = 0 andg 1 =g 2 = 0 . In addition, since there is just one transmission interval τ = 1 andġ i = η. The slope of each spectral efficiency constraint is given by (10) as
B. Half-Duplex
For HD transmissions we computeC i τ,ρ,ė (ë) as a function of the first and second derivative of the optimal energy allocation at E → 0. Then, we can optain the slope of each spectral efficiency constraint as (10) . For asynchronous transmissions we get
We solve (9) by first minimizing overë j l and then over τ . Since (25a) and (25b) are linear functions onë, the optimum is obtained when (25a) and (25b) coincide S 1 = S 2 , then
withβ 2 = β 2 . Then, the slope satisfies
2 . Finally, maximizing over τ 1 we get
and substituting (22) into (27) we get the result in Thm. 3. For synchronous transmissions we can proceed similarly
and by solving (9) we get the result in Thm. 3.
VI. NUMERICAL RESULTS AND CONCLUSIONS
The energy efficiency study provides solutions for the maximum RPE, the slope of the spectral efficiency S and the correspondent optimal resource allocation E i , ρ and τ i , as close form expressions which only depend on the channel gains. Important results from this analysis about the impact of the synchronism and duplexity constraints are:
• In asynchronous channels, orthogonal transmissions obtain the optimal RPE. In synchronous channels, halfduplex transmissions obtain the optimal RPE. iii) Neither orthogonal nor half-duplex transmissions can make an optimal use of the bandwidth.
• The use of a synchronous relay is equivalent to the use of a asynchronous relay withβ 2 = β 2 + β 1 .
• The duplexity constraint does not impact on the maximum RPE, regardless of the synchronism constraint.
• The asynchronous HD scenario reduces to the OT scenario. Simultaneous transmissions are not useful if synchronization between nodes is not possible. Note that the HD energy allocation admits the following Taylor series at (E → 0) for E 2 (E) 2 +o(E 3 ) = 0+o(E 3 ).
• For the synchronous HD scenario non new information is transmitted during the second interval. The source and the relay transmit fully correlated signals E 2− 1
The validity of the energy efficiency approximation for the spectral efficiency is shown in Fig. 2 . There we compare the approximation in (2) with the numerical computation of C(E) for asynchronous DF nodes with FD and HD relays. The channel gains are (α 12 = β 2 = 2, β 1 = 1). It is interesting to note that for HD the approximation is extremely accurate up to C = 1.38 (2 bits/s/Hz).
